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A MINIMAL EVEN TYPE OF THE 2-ADIC WEIL
REPRESENTATION
AARON WOOD
Abstract. The Weil representation is used to construct a minimal type
of a central extension of Sp2n(Q2). The corresponding Hecke algebra is
shown to be isomorphic to the classical affine Hecke algebra of the split
adjoint group SO2n+1(Q2).
Introduction
Let W be a nondegenerate symplectic space over a p-adic field, G =
S˜p(W) a two-fold central extension of the symplectic group G = Sp(W) of
type Cn, and ω the Weil representation of G.
If p is odd, ω has a one-dimensional subspace upon which the inverse im-
age of the Iwahori subgroup acts. This minimal type was used by Gan and
Savin in [3] to establish an equivalence of categories between certain repre-
sentations of G and certain other representations of split adjoint groups of
type Bn. In this equivalence, the even Weil representation of G corresponds
to the trivial representation of the orthogonal group. The correspondence
is realized explicitly as an isomorphism between the Hecke algebra of this
type and the classical affine Hecke algebra of type Bn. If p = 2, there are
no Iwahori-fixed vectors.
In [7], Loke and Savin consider the representations of the two-fold central
extension S˜L2(Q2) which are generated by vectors on which K acts by a
character χ, where K is the full inverse image of a certain congruence sub-
group of SL2(Z2). The Hecke algebra which captures the structure of such
representations is computed explicitly and is shown to be isomorphic to the
classical affine Hecke algebra of PGL2(Q2).
The purpose of this paper is to frame the preceding result for S˜L2(Q2)
in the language of the Weil representation and to extend it to larger sym-
plectic groups. This is accomplished by finding a minimal type of the Weil
representation and computing the corresponding Hecke algebra. In the end,
the result is the same as in the case of p odd; that is, the Hecke algebra is
shown to be isomorphic to that of the split adjoint orthogonal group.
The description of the appropriate open compact subgroup stems from
the following fact: in characteristic 2, the bilinear form attached to a sym-
metric quadratic form is also alternating. Hence, the finite split orthogonal
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group O2n(F2) may be realized as a subgroup of the finite symplectic group
Sp2n(F2). If B
′ is a Borel subgroup of O2n(F2) which sits in a Borel sub-
group B of Sp2n(F2), then the inverse image J of B
′ (under the projection
map Z2 → F2) is a subgroup of the Iwahori subgroup, as pictured in the
diagram below.
J I Sp2n(Z2)
B′ B Sp2n(F2)
Let J be the full inverse image in G of J . In the S˜L2 case, this J is
conjugate to the K from [7].
Section 1 of this paper is dedicated to fixing notation and summarizing
previously known, but relevant, results.
In Section 2, the S˜L2 case is worked out in detail. Specifically, the line
on which J acts is spanned by the characteristic function of Z2; the support
of the associated Hecke algebra H is reduced to the set of J-double cosets
parametrized by the affine Weyl group; and generators T0 and T1 for H are
given which satisfy only the quadratic relations (T0 − 2)(T0 + 1) = 0 and
T 21 = 1, giving the identification with the affine Hecke algebra of PGL2(Q2).
In Section 3, the general symplectic case is described. The line on which
J acts is spanned by the characteristic function of the standard lattice; the
support of H is again reduced to the set of J-double cosets parametrized
by the affine Weyl group; and generators T0, . . . , Tn for H are given which
satisfy the quadratic relations
(Ti − 2)(Ti + 1) = 0 and T
2
n = 1
and the braid relations of type Cn.
T0 T1 T2 Tn
· · ·
The affine Hecke algebra H′ of the split adjoint orthogonal group has
generators t0, . . . , tn and τ, where τ corresponds to the involution of the
extended Dynkin diagram of type Bn, with τ
2 = 1 and τt1τ = t0.
t0
t1
t2 tn
· · ·τ
The quadratic relations for the generators ti are (ti−2)(ti+1) = 0. Since
t0 may be expressed in terms of t1 and τ, it is not needed to define H
′ as an
abstract algebra. The braid relation between τ and t1 is τt1τt1 = t1τt1τ, so
the isomorphism from H′ to H is given by
tn 7→ T0, . . . t1 7→ Tn−1 and τ 7→ Tn.
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It is shown that this map preserves the trace and ∗ operations for Hilbert
algebras, which ensures, by [1], that the induced Plancherel measures co-
incide in the correspondence of representations given by the Hecke algebra
isomorphism.
A portion of this paper is a part of the author’s Ph.D. thesis. The author
would like to thank his advisor Gordan Savin for his invaluable guidance
throughout this endeavor.
1. Preliminaries
In this section, notation will be fixed and some results will be summarized.
1.1. Symplectic Vector Spaces. LetW be a 2n-dimensional vector space
over a field F , and let Q be a nondegenerate, skew-symmetric form on W.
Such a form Q is called a symplectic form and such a vector space W is
called a symplectic space.
A subspace X of W is isotropic if Q is identically zero on X . For a
maximal isotropic subspace X of W, there is a complementary subspace Y
which is also a maximal isotropic subspace of W; each of X ,Y is a vector
subspace of dimension n. Such a decomposition W = X + Y into maximal
isotropic subspaces is called a complete polarization of W.
Let X + Y be a complete polarization of W and let {ei} be a basis of
X . There is a basis {fi} of Y such that Q(ei, fj) = δij . The resulting basis
{e1, . . . , en, f1, . . . , fn} ofW is called a symplectic basis. Under such a basis,
elements ofW may be considered as column vectors and the symplectic form
Q may be expressed as
Q(u, v) = ⊺u
[
0 1
−1 0
]
v,
where ⊺u is the transpose of u.
1.2. Symplectic Lie Algebras. Let W be a 2n-dimensional symplectic
space over C with symplectic form Q. The symplectic Lie algebra sp(W) is
defined to be the Lie algebra of linear endomorphisms T of W satisfying
Q(Tu, v) +Q(u, Tv) = 0
for all u, v in W, with Lie bracket
[T1, T2] = T1T2 − T2T1.
Under the symplectic basis, sp(W) becomes the Lie subalgebra of gl2n(C)
given by
sp(W) =
{[
a b
c −⊺a
]
∈ gl2n(C) : b =
⊺b, c = ⊺c
}
.
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1.2.1. Cartan Decomposition. Let h be the Cartan subalgebra consisting of
diagonal matrices in sp(W) and let h∗ = HomC(h,C) be its linear dual. The
Cartan subalgebra is n-dimensional and an arbitrary element H of h is of
the form
H =
[
a
−a
]
,
where a is a diagonal matrix with entries a1, . . . , an. The dual basis of h
∗ is
λ1, . . . , λn, defined by λi(H) = ai.
The set of roots in h∗ is
Φ = {±λi ± λj : i 6= j
}
∪
{
± 2λi}.
The roots in the first set are called short roots and those in the second set
are called long roots.
For a root α, the root space gα is the set {X ∈ sp(W) : [H,X] = α(H)X}.
To be explicit, gα = CXα, where Xα is defined as follows.
If α = λi − λj , then Xα =
[
Eij 0
0 −Eji
]
;
if α = λi + λj , then Xα =
[
0 Eij + Eji
0 0
]
;
if α = 2λi, then Xα =
[
0 Eii
0 0
]
;
if β = −α, then Xβ =
⊺Xα.
The Cartan decomposition of sp(W) is
sp(W) = h+
∑
α∈Φ
gα.
1.2.2. Roots. Consider the real vector space h∗R with basis λ1, . . . , λn, which
is a Euclidean space under the usual dot product, denoted ( , ). This is
the inner product which arises from the Killing form on h, cf. [8]. For each
λ ∈ h∗R, define sλ : h
∗
R → h
∗
R to be the reflection across the hyperplane
Pλ = {µ ∈ h
∗
R : (µ, λ) = 0}.
Define αn = 2λn and, for i = 1, . . . , n− 1, define αi = λi − λi+1. Then,
Π = {α1, . . . ,αn}
is a set of simple roots in Φ with corresponding positive roots
Φ+ = {λi ± λj : i < j} ∪ {2λi}.
The Weyl group W of sp(W) is the finite group of reflections generated
by {sα : α ∈ Φ}. It is a Coxeter group and is generated by the set of
simple reflections {s1, . . . , sn}, where si = sαi . The braid relations for the
generators of W are given by the following Coxeter diagram, cf. [4], [5].
s1 s2 sn−1 sn
· · ·
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1.2.3. Affine Roots. The set of affine roots is
Φaff = {α+m : α ∈ Φ,m ∈ Z},
where an affine root α+m acts on h by
(α+m)(H) = α(H) +m.
Let α∗ be the highest root in Φ,
α∗ = 2λ1 = 2α1 + · · · + 2αn−1 + αn,
and define the affine root α0 by α0 = 1− α∗. Then,
Πaff = {α0,α1, . . . ,αn}
is a set of simple affine roots.
For each affine root γ = α+m, define sγ : h
∗
R → h
∗
R to be the reflection
across the affine hyperplane
Pγ = Pα+m = {µ ∈ h
∗
R : (µ,α) = m}.
Let s0 be the affine reflection s0 = sα0 .
The group W aff, generated by these affine reflections, is called the affine
Weyl group; it is a Coxeter group generated by the simple affine reflections
{s0, s1, . . . , sn}. The braid relations for these generators are given by the
following Coxeter diagram, cf. [4], [5].
s0 s1 s2 sn−1 sn
· · ·
1.3. Symplectic Groups. Let W be a symplectic space of dimension 2n
over a field F with symplectic form Q. The symplectic group Sp(W) is the
group of linear automorphisms of W that preserve the symplectic form, i.e.,
those linear operators T :W →W such that for all u, v in W,
Q(Tu, Tv) = Q(u, v).
Under a symplectic basis, Sp(W) becomes the matrix subgroup of GL2n(F )
given by
Sp(W) =

[
a b
c d
]
∈ GL2n(F ) :
⊺ad−⊺cb = 1
⊺ac =⊺ca
⊺bd =⊺db
 .
Note that if n = 1, then Sp(W) = SL2(F ).
1.3.1. Symplectic Chevalley Groups. The classical symplectic group over F
will be constructed as a Chevalley group from the symplectic Lie algebra
over C, cf. [8], [2].
Let W be a symplectic vector space over C, let U be the universal en-
veloping algebra of sp(W), and let UZ be the subalgebra of U generated by
the divided powers Xmα
/
m!. Under the natural representation of sp(W),
and hence of U , on W, the elements of U may be viewed as members of a
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matrix algebra. In this setting, each X2α = 0, so UZ is generated by 1 and
{Xα : α ∈ Φ}. Therefore, since W is the natural representation, the lattice
L = Ze1 ⊕ · · · ⊕ Zen ⊕ Zf1 ⊕ · · · ⊕ Zfn
is a UZ-invariant lattice.
Let F be any field. For an element t of F and a root α in Φ, one obtains
the natural action of
xα(t) = exp(tXα) =
∞∑
n=0
tn
Xnα
n!
= 1 + tXα
on WF = L ⊗Z F , which is the F -span of e1, . . . , en, f1, . . . , fn. In other
words, the element xα(t) may be interpreted as the actual matrix 1 + tXα
with entries in F .
Define the Chevalley group G to be the group generated by
{xα(t) : t ∈ F,α ∈ Φ}.
This group is exactly the classical symplectic group over F .
The following elements play an important role in the theory of Chevalley
groups. For t ∈ F×, define
wα(t) = xα(t)x−α(−1/t)xα(t),
hα(t) = wα(t)wα(−1).
For i = 1, . . . , n, let wi = wαi(1). The elements w1, . . . , wn form a set of
representatives of the generators of the Weyl group W in G.
Suppose now that F is a nonarchimedian local field with uniformizer ̟
and ring of integers O. For any affine root γ = α+m, define the elements
xγ(t) = xα(̟
mt),
wγ(t) = wα(̟
mt).
In addition, define the affine root group
Xγ = {xγ(t) : t ∈ O}.
For the simple affine root α0 = 1− α∗, let
w0 = wα0(1) = wα∗(̟
−1).
The elements w0, w1, . . . , wn form a set of representatives in G of the gener-
ators of the affine Weyl group, cf. [5].
As an abuse of notation, the element sγ of W
aff will be identified with its
representative wγ(1) in the Chevalley group. In particular, these wγ(1) will
often be referred to as elements of the affine Weyl group.
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1.3.2. Generators and Relations. In [8], Steinberg gives relations for the
symplectic Chevalley group generated by the xα(t). Of particular interest,
for any α,β ∈ Φ and t, u ∈ F (nonzero where necessary),
(R1) xα(t)xα(u) = xα(t+ u);
(R2)
(
xα(t), xβ(u)
)
=
∏
xiα+jβ(cijt
iuj), for α+ β 6= 0;
(R3) wα(t)xα(u)wα(−t) = x−α(−t
−2u);
(R4) hα(t)xα(u)hα(−t) = xα(t
2u)
(R5) hα(t)hα(u) = hα(tu).
In (R2), the product is taken over the roots that are positive linear combi-
nations of α and β, and the cij are constants which will not play a role in
this paper.
Besides (R5), the relations are a consequence of (R1) and (R2) if G =
Sp2n(F ) for n ≥ 2 or of (R1) and (R3) if G = SL2(F ). The two appropriate
relations along with (R5) form a complete set of relations for Sp2n(F ).
1.3.3. Central Extensions. A group G′ is a central extension of G if there
is a surjective homomorphism from G′ to G whose kernel lies in the center
of G′. A central extension E of G is universal if it a central extension of
any other central extension of G. A universal central extension E of the
symplectic Chevalley group G exists and is the group defined abstractly
using only relations (R1) and (R2). (In the SL2(F ) case, the universal
central extension is abstractly defined using only relations (R1) and (R3).)
Hence, the relations (R1) through (R4) can be lifted to any central extension
of G, cf. [8].
The preceding paragraph implies that the elements xα(t) lift uniquely to
elements x′α(t) in any central extension G
′. Therefore, wα(t) and hα(t) lift
canonically to w′α(t) and h
′
α(t) in G
′ via the formulas
w′α(t) = x
′
α(t)x
′
−α(−1/t)x
′
α(t),
h′α(t) = w
′
α(t)w
′
α(−1).
Note that (R5) does not hold in a nontrivial central extension G′.
1.4. Induced Representations and Hecke Algebras. Let H be an open
compact subgroup of a locally compact, totally disconnected group G, with
the Haar measure on G normalized to give vol(H) = 1. Denote by C(G) the
space of complex-valued functions on G and by C0(G) the subspace of com-
pactly supported, locally constant functions. Fix a complex representation
(pi, V ) of G and a character χ of H. The objects of interest are
1. the (compactly) induced representation (σ, U) = indGH χ, where σ acts
by right translation on the vector space
U =
{
φ ∈ C(G) :
φ(hx) = χ(h)φ(x), h ∈ H,x ∈ G
φ has compact support modulo H
}
;
2. the subspace V H,χ¯ of V given by
V H,χ¯ =
{
v ∈ V : pi(h)v = χ¯(h)v, h ∈ H
}
;
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3. the χ-spherical Hecke algebra H = H(G/H;χ) defined by
H =
{
f ∈ C0(G) : f(h1xh2) = χ(h1)f(x)χ(h2), hi ∈ H,x ∈ G
}
,
with convolution
(f · g)(y) =
∫
G
f(x)g(x−1y)dx,
and identity element χ˙, which is the extension of χ by 0 to all of G.
In this setting, Frobenius Reciprocity gives
HomH(χ,pi) ∼= HomG(σ,pi),
and V H,χ¯ is an H-module under the action
pi(f)v =
∫
G
f(x)
(
pi(x)v
)
dx.
Proposition 1.1. H is isomorphic to End(U), and the elements of H which
are not supported on H act on U as trace-zero endomorphisms.
Proof. The maps for this isomorphism are given, but the details are omitted.
The map H → End(U) is given by f 7→ T with T (φ) = f · φ. The inverse
map End(U)→ H is given by T 7→ f with f(x) = T (χ˙)(x).
Suppose that f ∈ H is not supported on H and let φ ∈ U be supported
on a coset Hx. In this setting, f(y)φ(y−1x) = 0 for all y ∈ G, so
(f ·φ)(x) =
∫
G
f(y)φ(y−1x)dy = 0.
The functions supported on cosets Hx, for x ∈ H
∖
G, form a basis of U , so
this calculation implies that the trace of f is zero. 
There is additional structure on H, namely the ∗-operation given by
f∗(x) = f(x−1)
and the trace given by
tr(f) = f(1).
Following [1], H is a normalized Hilbert algebra with involution f 7→ f∗ and
scalar product [ , ], given by
[f, g] = tr(f∗ · g).
This structure yields a Plancherel formula on H, meaning that tr(f) may
be defined in terms of the traces tr ρ(f), for irreducible representations ρ of
H. For details, see 3.2 of [1].
If pi is unitary, under the identification H = End(U), ∗ is the adjoint
operator and tr is the usual trace map. By definition,
tr(f∗ · f) =
∫
G
f∗(x)f(x−1)dx = ||f ||2,
so the L2 norm may be expressed in terms of ∗ and tr.
For the remainder of this section, assume that G is compact.
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Proposition 1.2. Suppose that V H,χ¯ 6= 0 and that H is supported at most on
H and HxH, for x /∈ H. If dim(V ) < dim(U), then there exists nontrivial
Tx ∈ H supported on HxH which acts on the eigenspace V by
λ =
dim(U)− dim(V )
dim(V )
;
that is, Tx satisfies the quadratic relation
(Tx − λ)(Tx + 1) = 0.
Proof. Assume the hypothesis and let (pi∗, V ∗) be the dual representation
of (pi, V ). Since V ∗ has smaller dimension than U , it may be realized, via
Frobenius reciprocity, as a quotient of U ; hence, U is reducible. Therefore,
H = End(U) is exactly 2-dimensional, so there exists a nontrivial element Tx
supported on HxH. Since Tx is not supported on H, it acts as a trace-zero
endomorphism on U (by Proposition 1.1) with two eigenspaces V and V ⊥.
Let λ and µ be their respective eigenvalues so that
λdim(V ) + µdim(V ⊥) = 0.
Normalize Tx to act by µ = −1 on V
⊥; then, Tx acts on V by
λ =
dim(V ⊥)
dim(V )
,
hence the proposition. 
As a remark, the H-modules U and V H,χ¯ are compatible in the following
way. Let V1, . . . , Vn be the irreducible representations of G such that V
H,χ¯
i
is nontrivial. The matrix coefficients v∗i (pii(g
−1)vi), for v
∗
i ∈ V
∗
i and vi ∈ Vi,
give a part
⊕
Vi ⊗ V
∗
i of the decomposition of C(G), and hence,
UH,χ¯ =
n⊕
i=1
V H,χ¯i ⊗ V
∗
i .
In particular, if φ(g) = v∗i (pii(g
−1)vi), then
(f ·φ)(x) =
∫
G
f(g)v∗i
(
pii(x
−1g)vi
)
dg
= v∗i
(
pii(x
−1)(pii(f)vi)
)
= pii(f)(vi ⊗ v
∗
i ).
1.5. Additive Characters of Qp. For an additive character of ψ of Qp,
if there exists a smallest integer c such that ψ is trivial on pcZp, then c is
called the conductor of ψ.
There is a natural projection from Qp to Qp
/
Zp, a canonical embedding
of Qp
/
Zp into the p-torsion of Q
/
Z, and an embedding of Q
/
Z into C×
given by x 7→ e2piix. The composition of these maps
Qp ։ Qp
/
Zp →֒ Q
/
Z →֒ C×
defines an additive character ψ1 : Qp → C
× of conductor c = 0.
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For a in Q×p , define the character ψa : Qp → C
× by
ψa(x) = ψ1(ax),
which has conductor c = − val(a). These ψa account for all nontrivial
smooth additive characters of Qp, cf. [9].
1.6. Fourier Transform. Let S(Qp) denote the set of Schwarz functions on
Qp, i.e., the set of smooth, compactly supported, complex-valued functions
on Qp. Fix an additive character ψ of Qp of conductor c. The Fourier
transform (with respect to ψ) on S(Qp) is given by f 7→ f̂ where
f̂(y) =
∫
Qp
ψ(2uy)f(u)du.
The Haar measure on Qp will be normalized to give
̂̂
f (y) = f(−y). The
appearance of a 2 in the Fourier transform affects the role of the conductor
of ψ for p = 2, so it will be convenient to define
δ =
{
1 if p = 2
0 if p 6= 2.
For m ∈ Z, denote the characteristic function of pmZp by φm. The proofs
of following statements are straightforward computations.
1. If f is supported on pmZp and constant on p
nZp-cosets, then f̂ is sup-
ported on p−n+(c−δ)Zp and constant on p
−m+(c−δ)Zp-cosets.
2. The Fourier transform of φm is φ̂m = vol(p
mZp)φ−m+(c−δ).
3. The normalized volume of Zp is vol(Zp) = p
−(c−δ)/2.
Hence, if c = δ, then the Fourier transform of φm is φ̂m = p
−mφ−m.
Suppose now that Y is a vector space over Qp, where the elements of
Y are considered as column vectors with respect to some basis. Let S(Y)
denote the set of Schwarz functions on Y and fix an additive character ψ of
Qp. The Fourier transform with respect to ψ on S(Y) is defined by f 7→ f̂
where
f̂(y) =
∫
Y
ψ(2 ⊺uy)f(u)du.
The Haar measure on Y is normalized to give
̂̂
f(−y) = f(y).
The space S(Y) has a tensor product structure
S(Y) = S(Qp)⊗ · · · ⊗ S(Qp),
and the Fourier transform is well-behaved in this setting. In particular, if
f = f1 ⊗ · · · ⊗ fn, then f̂ = f̂1 ⊗ · · · ⊗ f̂n.
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1.7. Weil Representation. The following exposition of the Weil represen-
tation mostly follows [6]. Let F be a nonarchimedian local field, let W be a
2n-dimensional symplectic space over F with symplectic form Q, and let ψ
be an additive character of F .
The Heisenberg group H(W) is defined to be the set W × F with group
multiplication
(u, s) · (v, t) =
(
u+ v , s+ t+Q(u, v)
)
.
The center of H(W) is Z = {(0, t)} = F . Since the symplectic group Sp(W)
preserves Q, it acts as a group of automorphisms on H(W) by
g(v, t) = (gv, t).
Let (ρ, S) be a representation of H(W) with central character ψ; that is,
ρ(0, t)φ = ψ(t)φ for any φ in S. One can twist ρ by g ∈ Sp(W) to obtain
the representation (ρg, S) given by
ρg(v, t) = ρ
(
g(v, t)
)
= ρ(gv, t),
which also has central character ψ. By the Stone-von Neumann theorem, ρg
must be isomorphic to ρ, so, for each g ∈ Sp(W), there exists an operator
T (g) : S → S, unique up to a scalar in C×, which intertwines these two
representations; that is,
T (g)ρ = ρgT (g).
The operator T : Sp(W) → GL(S)
/
C× is a projective representation of
Sp(W). Let S˜p(W) be a two-fold central extension of Sp(W),
1→ {±1} → S˜p(W)→ Sp(W)→ 1.
It is known that T lifts uniquely to a linear representation
ω : S˜p(W)→ GL(S),
called the Weil representation with respect to ψ, cf. [6], [10].
1.7.1. Models. For any closed subgroup Z of W define
Z⊥ =
{
v ∈ W : ψ
(
Q(v, z)
)
= 1 for all z ∈ Z
}
;
this is also a closed subgroup of W. Define H(Z) to be the subgroup Z ×F
of the Heisenberg group, and assume that Z ⊂ Z⊥. The character ψ can be
extended trivially to H(Z) by ψ(z, t) = ψ(t); indeed,
ψ
(
(z1, t1) · (z2, t2)
)
= ψ
(
z1 + z2, t1 + t2 +Q(z1, z2)
)
= ψ(t1)ψ(t2)ψ
(
Q(z1, z2)
)
= ψ(z1, t1)ψ(z2, t2).
Define (ρ, SZ) to be the induced representation ind
H(W)
H(Z) ψ of H(W); that is,
ρ acts by right translation on the space SZ of smooth functions f on H(W)
which satisfy the following properties:
1. f has compact support modulo H(Z);
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2. f(zh) = ψ(t)f(h) for (z, t) ∈ H(Z) and h ∈ H(W);
3. there is an open compact subgroupKf ofH(W) such that f(hk) = f(h)
for k ∈ Kf and h ∈ H(W).
The restriction of ρ to the center of H(W) is given by(
ρ(0, t)f
)
(h) = f
(
h · (0, t)
)
= f
(
(0, t) · h
)
= ψ(t)f(h),
hence ρ has central character ψ.
For different such closed subgroups Z of W, one can build a model for ρ
and hence a model for ω. If Z is a maximal isotropic subspace of W, the
model is called Shro¨dinger’s model.
1.7.2. Schro¨dinger’s Model. Let X +Y be a complete polarization ofW. As
X is a maximal isotropic subspace of W, Q is identically zero on X , and
hence X = X⊥. Following the construction above, one obtains the space
of functions SX . This space is canonically isomorphic to the space S(Y) of
Schwarz functions on Y via the map SX → S(Y) given by f 7→ φ, where
φ(y) = f(y, 0).
Proposition 1.3. In Schro¨dinger’s model, ρ takes the form(
ρ(x, 0)φ
)
(y0) = ψ
(
− 2Q(x, y0)
)
φ(y0)(
ρ(y, 0)φ
)
(y0) = φ(y + y0)(
ρ(0, t)φ
)
(y0) = ψ(t)φ(y0).
Proof. Let t ∈ F , x ∈ X , and y0, y ∈ Y. Then,(
ρ(x+ y, t)φ
)
(y0) = f
(
(y0, 0) · (x+ y, t)
)
= f
(
x+ y + y0 , t+Q(y0, x+ y)
)
= f
(
(x, t+Q(y0, x)−Q(x, y + y0)) · (y + y0, 0)
)
= ψ
(
x, t−Q(x, y + 2y0)
)
f(y + y0, 0)
= ψ
(
t−Q(x, y + 2y0)
)
φ(y + y0),
hence the proposition. 
The group Sp(W), under the symplectic basis corresponding to the po-
larization X + Y, is generated by the following types of matrices:
x(b) =
[
1 b
1
]
(b a symmetric n× n matrix),
h(b) =
[
b
⊺b−1
]
(b an invertible n× n matrix),
w =
[
1
−1
]
.
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Proposition 1.4. The intertwining map T is given by
T
(
x(b)
)
φ(y) = ψ(⊺yby)φ(y)
T
(
h(b)
)
φ(y) = φ(⊺by)
T (w)φ(y) = φ̂(y).
Proof. The action of (0, t) under ρ will clearly be intertwined by these oper-
ators, so it suffices to verify the proposition for ρ0(x, y) = ρ(x+ y, 0). First,
the formula T (g)ρ = ρgT (g) is verified for g = x(b):
ρ
x(b)
0 (x, y)
(
T
(
x(b)
)
φ
)
(y0)
= ρ0(x, bx+ y)
(
T
(
x(b)
)
φ
)
(y0)
= ψ
(
− ⊺(x+ by)(y + 2y0)
)(
T
(
x(b)
)
φ
)
(y + y0)
= ψ
(
− ⊺(x+ by)(y + 2y0)
)
ψ
(
⊺(y + y0)b(y + y0)
)
φ(y + y0)
= ψ(⊺y0by0)ψ
(
− ⊺x(y + 2y0)
)
φ(y + y0)
= ψ(⊺y0by0)
(
ρ0(x, y)φ
)
(y0)
= T
(
x(b)
)(
ρ0(x, y)φ
)
(y0).
Next, it is verified for g = h(b):
ρ
h(b)
0 (x, y)
(
T
(
h(b)
)
φ
)
(y0)
= ρ0(bx,
⊺b−1y)
(
T
(
h(b)
)
φ
)
(y0)
= ψ
(
− ⊺x(y + 2 ⊺by0)
)(
T
(
h(b)
)
φ
)
(y0)
= ψ
(
− ⊺x(y + 2 ⊺by0)
)
φ(y + ⊺by0)
=
(
ρ0(x, y)φ
)
(⊺by0)
= T
(
h(b)
)(
ρ0(x, y)φ
)
(y0).
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Finally, it is verified for g = w:
ρw0 (x, y)
(
T (w)φ
)
(y0)
= ρ0(y,−x)φ̂(y0)
= ψ
(
− ⊺y(−x+ 2y0)
)
φ̂(−x+ y0)
= ψ
(
− ⊺y(−x+ 2y0)
) ∫
Y
ψ
(
2 ⊺u(−x+ y0)
)
φ(u)du
= ψ
(
− ⊺y(−x+ 2y0)
) ∫
Y
ψ
(
2 ⊺(v + y)(−x+ y0)φ(v + y)dv
=
∫
Y
ψ(2 ⊺vy0)ψ
(
− ⊺x(y + 2v)
)
φ(v + y)dv
=
∫
Y
ψ(2 ⊺vy0)
(
ρ0(x, y)φ
)
(v)dv
= T (w)
(
ρ0(x, y)φ
)
(y0).

Considering Sp(W) as a Chevalley group (Section 1.3.1), the elements
x(b), h(b), and w may be expressed as products of the xα(t). These xα(t)
lift uniquely to xα(t) in S˜p(W). In this way, canonical lifts x(b), h(b) and
w are defined. The Schro¨dinger model of the Weil representation of S˜p(W)
on S(Y) is given by
x(b)φ(y) = αbψ(
⊺yby)φ(y),
h(b)φ(y) = βbφ(
⊺by),
wφ(y) = γ1φ̂(y),
for some constants αb,βb,γ1. The computation of these constants is not
relevant to the task at hand, so it will suffice to mention that αb = 1, that
βb is a 4th root of 1, and that γ1 is an 8th root of 1, cf. [6], [10].
2. A Minimal Even Type for S˜L2(Q2)
Throughout the section, G is the linear group SL2(Q2), G is a two-fold
central extension of G, ψ is an additive character of Q2 with conductor 1,
V is the space S(Q2) of Schwarz functions, (ω, V ) is the Schro¨dinger model
of the Weil representation associated to ψ, and φm is the characteristic
function of 2mZ2. In this setting, φ̂m = 2
−mφ−m.
As a Chevalley group, G is generated by the elements
x(t) =
[
1 t
1
]
and y(t) =
[
1
t 1
]
,
where t ∈ Q2. For t ∈ Q
×
2 , the elements w(t) and h(t) are given by
w(t) = x(t)y(−1/t)x(t) =
[
t
−t−1
]
,
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h(t) = w(t)w(−1) =
[
t
t−1
]
.
Let x(t) and y(t) be the unique lifts of x(t) and y(t); these elements
generate the central extension G of G. For t ∈ Q×2 , define the elements w(t)
and h(t) of G by
w(t) = x(t)y(−1/t)x(t),
h(t) = w(t)w(−1).
These are the canonical lifts of w(t) and h(t), respectively.
The elements w0 = w(1/2) and w1 = w(1) form a set of representatives
of the generators {s0, s1} of the affine Weyl group W
aff. A full set of rep-
resentatives of W aff in G is
{
w(2n), h(2n) : n ∈ Z
}
, and, abusing notation,
these will often be referred to as elements of the affine Weyl group itself.
The Schro¨dinger model of the Weil representation of G on V is given by
x(t)φ(y) = ψ(ty2)φ(y)
h(t)φ(y) = βtφ(ty)
w1φ(y) = γ1φ̂(y).
2.1. Minimal Type. Let I be the Iwahori subgroup
I =
{[
a b
2c d
]
∈ SL2(Z2) : a, b, c, d ∈ Z2
}
and J the normal subgroup of I given by
J =
{[
a 2b
2c d
]
∈ SL2(Z2) : a, b, c, d ∈ Z2
}
.
Consider the projection map ρ : SL2(Z2)→ SL2(F2). The image of I under
ρ is the Borel subgroup
B2(F2) =
{[
1 t
1
]
: t ∈ F2
}
∼= F2,
and the image of J is the trivial subgroup. Note that
[SL2(Z2) : J ] = |SL2(F2)| = 6.
Let I and J be the full inverse images in the central extension G of I and
J , respectively, so that I is generated by
{h(t) : t ∈ Z×2 } ∪ {x(t) : t ∈ Z2} ∪ {y(t) : t ∈ 2Z2}
and J is generated by
{h(t) : t ∈ Z×2 } ∪ {x(t), y(t) : t ∈ 2Z2}.
From the linear group computations, the quotients I
/
J and J
∖
I are each
isomorphic to B2(F2) via
x(1)J ←→ Jx(1)←→
[
1 1
1
]
.
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Consider the even function φ0 in V , and recall that φ̂0 = φ0, so that
w1φ0 ∈ Cφ0. The elements of G that stabilize Cφ0 will be determined.
1. x(t)φ0(y) = ψ(ty
2)φ0(y); the value of ψ(ty
2) is independent of y ∈ Z2
if and only if t ∈ 2Z2. So,
x(t)φ0 ∈ Cφ0 if and only if t ∈ 2Z2.
2. h(t)φ0(y) = βtφ0(ty); the equality φ0(y) = φ0(ty) for all y ∈ Z2 is
possible if and only if t ∈ Z×2 . Thus,
h(t)φ0 ∈ Cφ0 if and only if t ∈ Z
×
2 .
3. Since w(t) = h(t)w1,
w(t)φ0 ∈ Cφ0 if and only if t ∈ Z
×
2 .
4. Since y(t) = w1x(−t)w
−1
1 ,
y(t)φ0 ∈ Cφ0 if and only if t ∈ 2Z2.
In particular, the stabilizer of Cφ0 is exactly the group J ∪ Jw1; that is, J
is the intersection of I and the stabilizer of Cφ0.
Since J acts on Cφ0, denote by χ¯ : J → C
× the character satisfying
ω(j)φ0 = χ¯(j)φ0 for j ∈ J , which acts on the nontrivial subspace
V J,χ¯ =
{
φ ∈ V : ω(j)φ = χ¯(j)φ for j ∈ J
}
⊃ Cφ0.
Proposition 2.1. The character χ¯ satisfies the following properties.
1. χ¯
(
x(t)
)
= χ¯
(
y(t)
)
= 1 for t ∈ 2Z2.
2. χ¯
(
x(−1)y(t)x(1)
)
= χ¯
(
x(1)y(t)x(−1)
)
= ψ(−t/4) for t ∈ 2Z2.
3. V J,χ¯ = Cφ0.
Proof. The first part is clear from the determination of J . Noting that
χ¯
(
x(−1)y(t)x(1)
)
= χ¯
(
x(2)
)
χ¯
(
x(−1)y(t)x(1)
)
χ¯
(
x(−2)
)
= χ¯
(
x(1)y(t)x(−1)
)
,
in order to prove the second part, it suffices to compute the action of
x(1)y(t)x(−1) = x(1)w1x(−t)w
−1
1 x(−1)
on φ0. The action of x(−1) on φ0 is given by
x(−1)φ0(y) = ψ(−y
2)φ0(y)
=

1 if y ∈ 2Z2
−1 if y ∈ Z2 r 2Z2
0 otherwise
=
(
−φ0 + 2φ1
)
(y).
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Therefore,
x(1)w1x(−t)w
−1
1
(
x(−1)φ0
)
(y)
= x(1)w1x(−t)w
−1
1
(
− φ0 + 2φ1
)
(y)
= γ−11 x(1)w1
(
ψ(−ty2)(−φ0 + φ−1)
)
(y)
= x(1)
∫
Q2
ψ(2uy)ψ(−tu2)(−φ0 +φ−1)(u)du
= ψ(y2)
∫
1/2+Z2
ψ(2uy)ψ(−tu2)du,
the last equality following from the fact that −φ0 + φ−1 is equal to the
characteristic function of 1/2 + Z2. Evaluating this expression at y = 0
gives
x(1)y(t)x(−1)φ0(0) =
∫
1/2+Z2
ψ(−tu2)du.
If u ∈ 1/2 + Z2, then u
2 ∈ 1/4 + Z2, so, for t ∈ 2Z2, ψ(−tu
2) = ψ(−t/4).
Since vol(Z2) = 1, one has
x(1)y(t)x(−1)φ0(0) = ψ(−t/4).
To prove the third part, it is enough to show that V J,χ¯ ⊂ Cφ0. Let φ be
an arbitrary element of V J,χ¯. There exist m ≤ n such that φ is supported
on 2mZ2 and φ̂ is supported on 2
−nZ2. Since x(2) and y(2) act trivially
on V J,χ¯, it must be that ψ(2y2) = 1 for all y ∈ 2mZ2 and all y ∈ 2
−nZ2.
Therefore, 0 ≤ m ≤ n ≤ 0, so φ ∈ Cφ0. 
2.2. Hecke Algebra. Recalling Section 1.4 and its notation, the Hecke
algebra for this type is H = H(G/J ;χ). An element f of H is determined
by its value on a set of representatives of J
∖
G
/
J . By [5], G = IW affI, so
the double cosets I
∖
G
/
I are parametrized by the affine Weyl group. In this
way, a typical representative of a J double coset is of the form Jx1wx2J ,
where x1 and x2 are either x(1) or trivial, and w is of the form w(2
n) or
h(2n). Some of these representatives are redundant and will be eliminated.
Recalling relations (R3) and (R4) from Section 1.3.2, one has
Jh(2n)x(1)J = Jx(22n)h(2n)J = Jh(2n)J for n > 0,
Jx(1)h(2n)J = Jh(2n)x(2−2n)J = Jh(2n)J for n < 0,
Jx(1)w(2n)J = Jw(2n)y(−2−2n)J = Jw(2n)J for n < 0,
Jw(2n)x(1)J = Jy(−2−2n)w(2n)J = Jw(2n)J for n < 0,
and so,
Jx(1)h(2n)x(1)J =

Jx(1)h(2n)J if n > 0,
Jh(2n)x(1)J if n < 0,
Jh(2n)J if n = 0.
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Therefore, a complete set of double coset representatives for J
∖
G
/
J is
w(2n) : n ∈ Z,
h(2n) : n ∈ Z,
w(2n)x(1) : n ≥ 0,
x(1)w(2n) : n ≥ 0,
x(1)w(2n)x(1) : n ≥ 0,
x(1)h(2n) : n ≥ 0,
h(2n)x(1) : n < 0.
Lemma 2.2. The support of H is contained in JW affJ .
Proof. Let f be an element of H. Recalling relations (R3) and (R4) and
Proposition 2.1, if n ≥ 0, then
f
(
w(2n)x(1)
)
= χ
(
x(22n+1)
)
f
(
w(2n)x(1)
)
= f
(
x(22n+1)w(2n)x(1)
)
= f
(
w(2n)y(2)x(1)
)
= f
(
w(2n)x(1)
)
χ
(
x(−1)y(2)x(1)
)
= ψ(−1/2)f
(
w(2n)x(1)
)
,
f
(
x(1)w(2n)
)
= f
(
x(1)w(2n)x(−22n+1)
)
= χ
(
x(1)y(2)x(−1)
)
f
(
x(1)w(2n)
)
= ψ(−1/2)f
(
x(1)w(2n)
)
,
f
(
x(1)w(2n)x(1)
)
= f
(
x(1)w(2n)x(1)x(−22n+1)
)
= χ
(
x(1)y(2)x(−1)
)
f
(
x(1)w(2n)x(1)
)
= ψ(−1/2)f
(
x(1)w(2n)x(1)
)
,
f
(
x(1)h(2n)
)
= f
(
x(1)h(2n)y(22n+1)
)
= χ
(
x(1)y(2)x(−1)
)
f
(
x(1)h(2n)
)
= ψ(−1/2)f
(
x(1)h(2n)
)
,
and, if n < 0, then
f
(
h(2n)x(1)
)
= f
(
y(2−2n+1)h(2n)x(1)
)
= f
(
h(2n)x(1)
)
χ
(
x(−1)y(2)x(1)
)
= ψ(−1/2)f
(
h(2n)x(1)
)
.
Since ψ(−1/2) is a nontrivial 4th root of 1, f can only be nonzero on the
double cosets Jh(2n)J and Jw(2n)J . 
In order to determine the structure of H, two subalgebras will be intro-
duced. Define J1 to be the open compact group
J1 = J ∪ Jw1J = J ∪ Jw1;
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that is, J1 is the stabilizer of Cφ0.
Define H1 to be the Hecke subalgebra H(J1/ J ;χ) of functions in H sup-
ported on J1. Since J1 intersects the affine Weyl group at 1 and w1, this
is either a one- or two-dimensional subalgebra. Following the notation from
Section 1.4, let V1 = J1 · Cφ0 and U1 = ind
J1
J χ of dimensions
dim(V1) = dim(Cφ0) = 1 and dim(U1) = [J1 : J ] = 2.
By Proposition 1.2, H1 is the two-dimensional algebra generated by χ˙ and
T1, where T1 is supported on Jw1J and is normalized to act on V1 by
λ =
2− 1
1
= 1.
In other words, T1 satisfies the quadratic relation is T
2
1 = 1.
Define J0 to be the full inverse image of
J0 =
{[
a b/2
2c d
]
∈ SL2(Q2) : a, b, c, d ∈ Z2
}
.
Note that J0 and SL2(Z2) are the two distinct maximal compact subgroups
of SL2(Q2) that contain the Iwahori subgroup. The group J0 is generated
by x(1/2) and y(2) or, equivalently, by x(1/2) and w0 = w(1/2). Since
x(1/2)φ0(y) = ψ(1/2)φ0(y) + φ1(y),
x(1/2)φ1(y) = φ1(y),
w(1/2)φ0(y) ∈ Cφ̂0(y/2) = Cφ0(y/2) = Cφ1(y),
w(1/2)φ1(y) ∈ Cφ̂1(y/2) = Cφ−1(y/2) = Cφ0(y),
the space V0 = J0 · Cφ0 is the two-dimensional space Cφ0 ⊕ Cφ1. Let H0
be the subalgebra H(J0/ J ;χ). Again, as J0 intersects the affine Weyl group
only at 1 and w0, this is a one- or two-dimensional subalgebra. Let U0 be
the induced representation indJ0J χ. The dimension of U0 is
dim(U0) = [J0 : J ] =
vol(J0)
vol(I)
·
vol(I)
vol(J)
= 3 · 2 = 6.
As a remark, this may also be computed by observing that the volumes of
J0 and SL2(Z2) are equal since they are conjugate, so the index of J in J0
is 6. By Proposition 1.2, H0 is the two-dimensional algebra generated by χ˙
and T0, where T0 is supported on Jw0J and is normalized to act on V0 by
λ =
6− 2
2
= 2.
Hence, T0 satisfies the quadratic relation (T0 − 2)(T0 + 1) = 0.
Next, for each w ∈W aff, a nontrivial element Tw supported on JwJ will
be defined. Let w = wi1 · · ·wim be a minimal expression for w in terms of
the simple generators w0, w1. This minimal expression is unique since there
are no braid relations in W aff. Define Tw = Ti1 · · ·Tim . Then,
supp(Tw) = Jwi1J · · · JwimJ ⊂ Iwi1I · · · IwimI = IwI,
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the last equality following from the minimality of the expression for w. Since
Tw can only be supported on JW
affJ , the support of Tw is exactly JwJ . As
T0 and T1 act on Cφ0 by 2 and 1, respectively, Tw is nontrivial.
Considering the support of each Tw, there are no braid relations between
T0 and T1 since there are no braid relations between w0 and w1 in W
aff.
The result of this discussion is the following theorem.
Theorem 2.3. The support of H is JW affJ and {Tw : w ∈ W
aff} forms a
basis for H as a vector space. As an abstract C-algebra, H is generated by
T0 and T1, subject only to the quadratic relations
T 21 = 1 and (T0 − 2)(T0 + 1) = 0.
In particular, H is isomorphic to the Iwahori-Hecke algebra of PGL2(Q2).
Proof. The only remark to be made concerns the Hecke algebra of PGL2(Q2).
Let G′ = PGL2(Q2), I
′ its Iwahori subgroup and H′ its Iwahori-Hecke alge-
bra. Denote by t0 and t1 the characterstic functions of
I ′
[
0 1
2 0
]
I ′ and I ′
[
0 1
1 0
]
I ′,
respectively. They generate H′ as an abstract C-algebra, have no braid
relations between them, and satisfy the quadratic relations
t20 = 1 and (t1 − 2)(t1 + 1) = 0,
cf. [7]. Hence, the isomorphism between H and H′ is given by
T0 ↔ t1 and T1 ↔ t0.

3. A Minimal Even Type for S˜p2n(Q2)
Throughout this section, W is a 2n-dimensional symplectic vector space
over Q2, X + Y is a complete polarization of W, G is the symplectic group
Sp(W), G is a two-fold central extension of G, ψ is an additive character of
Q2 of conductor 1, V is the vector space S(Y), and (ω, V ) is the Schro¨dinger
model of the Weil representation with respect to ψ. Recall that the elements
x(b), h(b), and w in G are lifts of[
1 b
0 1
]
,
[
b 0
0 ⊺b−1
]
, and
[
0 1
−1 0
]
, respectively,
and that the Weil representation of G on V is given by
x(b)φ(y) = ψ(⊺yby)φ(y)
h(b)φ(y) = βbφ(
⊺by)
wφ(y) = γ1φ̂(y).
As a central extension of a Chevalley group, G is generated by xα(t) for
α ∈ Φ and t ∈ Q2, and is subject to Steinberg’s relations for covering groups,
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cf. Section 1.3.2. The generators xα(t) may be expressed in terms of x(b)
and h(b) as follows.
If α = λi − λj, then xα(t) = h(1 + tEij);
if α = λi + λj, then xα(t) = x
(
t(Eij + Eji)
)
;
if α = 2λi, then xα(t) = x(tEii).
Recall that, for an affine root γ = α+m, the affine root group Xγ is
Xγ = {xγ(t) : t ∈ Z2} = {xα(t) : t ∈ 2
mZ2}.
Define the elements w0, w1, . . . , wn of G as in Section 1.3.1. These ele-
ments are representatives in G of the simple generators of the affine Weyl
group W aff. Abusing notation again, the elements of W aff and their repre-
sentatives in G will often be referred to using the same symbols.
Consider now the element w2λi(1), for i = 1, . . . , n. This element acts, up
to scalar, as the partial Fourier transform on the ith component of a function
f , so w may be taken to be the product
∏
w2λi(1), which is a representative
of the longest element of the Weyl group. Therefore, if α is any root, then
w−1xα(t)w = x−α(−t).
3.1. Minimal Type. Let ρ : Sp2n(Z2) → Sp2n(F2) be projection modulo
2, and define B = B2n(F2) to be the Borel subgroup of Sp2n(F2) whose
unipotent radical is generated by the positive root groups. The Iwahori
subgroup of Sp2n(Z2) ⊂ G is
I = ρ−1(B).
Let I be the full inverse image in G of I, generated by{
hα(t) : α ∈ Φ, t ∈ Z
×
2
}
∪
{
xα(t) :
t ∈ Z2 for α > 0
t ∈ 2Z2 for α < 0
}
.
In terms of affine root groups, the second set of generators is{
Xα+m :
m ≥ 0 for α > 0
m ≥ 1 for α < 0
}
.
As in the S˜L2 case, a subgroup J ⊂ I is needed in order to construct a
minimal type. Over F2, the finite split orthogonal group O2n(F2) is defined
as the set of linear operators under which a symmetric quadratic form q is
invariant. Take q to be the quadratic form
q(x1, . . . , xn, y1, . . . , yn) =
n∑
i=1
xiyi
in the basis {e1, . . . , en, f1, . . . , fn}. Associated with this q is the bilinear
form
(u, v) = q(u+ v) + q(u) + q(v),
which is clearly symmetric. In characteristic 2, a symmetric bilinear form is
also skew-symmetric, so O2n(F2) may be realized as a subgroup of Sp2n(F2).
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Let B′ = B′2n(F2) be the Borel subgroup of the finite orthogonal group
corresponding to the positive roots, so that B′ is realized as a subgroup of
B; the unipotent radical of B′ is generated by the positive short root groups,
cf. [2]. Define
J = ρ−1(B′),
which is a subgroup of I.
J I Sp2n(Z2)
B′ B Sp2n(F2)
ρ ρ ρ
Let J be the full inverse image in G of J , generated by
{
hα(t) : t ∈ Z
×
2
}
∪
xα(t) : t ∈ Z2 for α > 0, shortt ∈ 2Z2 for α > 0, long
t ∈ 2Z2 for α < 0

In terms of affine root groups, the second set of generators isXα+m :
m ≥ 0 for α > 0, short
m ≥ 1 for α > 0, long
m ≥ 1 for α < 0
 .
The group J is a normal subgroup of I, and the quotients I
/
J and J
∖
I have
coset representatives of the form
x =
∏
α∈S
xα(1),
where S is any subset of the positive long roots. The order in which the
product is taken is of no consequence, as the root groups Xα and Xβ commute
with each other for any long roots α 6= −β.
Consider the even function
f = φ0 ⊗ · · · ⊗ φ0,
which is the characteristic function of the Z2-span of the basis {f1, . . . , fn}
of Y; its Fourier transform is f̂ = f . The stabilizer StabG(Cf) of the line Cf
will be computed. First, the Weyl group elements wα(1) will be discussed.
Since w preserves Cf and conjugation by w takes wα(1) to w−α(1), only the
positive roots require consideration.
1. If α is the positive long root 2λi, then wα(1) essentially acts on f by par-
tial Fourier transform on the ith component. Hence, wα(1) preserves
Cf .
2. If α is the positive short root λi − λj , then wα(1) = h(b) where b =
1+Eij−Eji−Eii−Ejj. Hence, wα(1) essentially acts on f by switching
the ith and jth coordinates, which clearly preserves the line Cf .
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3. If α is the positive short root λi + λj , then α may be obtained from
λi−λj via conjugation by 2λj . Therefore, wα(1) also preserves the line
Cf .
Next, the elements hα(t) will be considered. If the stabilizer group con-
tains hα(t), it also must contain hα(t
−1). Each hα(t) is h(b) with b =
(b1, . . . , bn) a diagonal matrix. The action of hα(t) on f(y) is essentially
f(⊺by) = f(b1y1, . . . , bnyn). Since 1, t, and t
−1 are exactly the entries of b for
hα(t) and hα(t
−1),
hα(t) ∈ StabG(Cf) ⇐⇒ t ∈ Z
×
2 .
Note that the same condition holds for the elements wα(t), since wα(t) =
hα(t)wα(1).
Lastly, the elements xα(t) will be discussed; it suffices to consider the
elements xα(2
m) = xα+m(1). Since w
−1Xαw = X−α, the condition on m
will be the same for both α and −α. Therefore, only the positive affine root
groups will be considered.
1. If α = λi−λj for i < j, then xα+m(1) = h(b) with b = 1+2
mEij. Since
⊺b acts on y by replacing yj with yj + 2
myi,
Xα+m ⊂ StabG(Cf) ⇐⇒ m ≥ 0.
2. If α = λi + λj , then α is conjugate to β = λj − λi by 2λi. Therefore,
xα(t) = w2λi(1)
−1xβ(±t)w2λi(1), so
Xα+m ⊂ StabG(Cf) ⇐⇒ m ≥ 0.
3. If α = 2λi, then xα+m(1) = x(b) with b = 2
mEii. Since
⊺yby = 2my2i ,
xα(t) acts on f by ψ(2
my2i ), which is independent of y exactly for
m ≥ 1. Hence,
Xα+m ⊂ StabG(Cf) ⇐⇒ m ≥ 1.
In conclusion,
J = I ∩ StabG(Cf),
so the Weil representation restricted to J acts on the line Cf . Define χ¯ to
be the character of J given by ω(j)f = χ¯(j)f . This character acts on the
nontrivial subspace
V J,χ¯ = {φ ∈ V : ω(j)φ = χ¯(j)φ for j ∈ J} ⊃ Cf .
Proposition 3.1. The character χ¯ satisfies the following properties.
1. χ¯
(
xα(t)
)
= 1, for t ∈ 2Z2 and α postive, long.
2. χ¯
(
xα(−1)x−α(t)xα(1)
)
= ψ(−t/4), for t ∈ 2Z2 and α positive, long.
3. V J,χ¯ = Cf .
Proof. The first part follows from the above computations. By the same
computations, it is clear that the action of xα(−1)x−α(t)xα(1) on the ap-
propriate component of S(Y) is the same as the action of x(−1)y(t)x(1)
from the S˜L2 setting. Hence, the second part follows from Proposition 2.1.
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For the third part, recall that a function φ ∈ V J,χ¯ is the tensor product of
functions in S(Q2). By Proposition 2.1, each piece of φ must be a multiple
of φ0, hence the tensor product must be a multiple of f . 
3.2. Hecke Algebra. Recalling again Section 1.4, the Hecke algebra for
this type is H = H(G/J ;χ). A function f ∈ H is determined by its value on
double coset representatives of J
∖
G
/
J . By [5], G = IW affI , so a typical J-
double coset is of the form Jx1wx2J , where w is a representative an element
of the affine Weyl group, and x1, x2 are products of the form
∏
α∈S xα(1)
for a subset S of the positive long roots.
Some of these representatives are redundant and may be eliminated as
follows. Let x1wx2 be a representive of a typical J-double coset. Suppose
that xα(1) occurs in x1 and that w
−1xα(1)w = xβ(t) for some root β and
some t ∈ 2Z2. It may be assumed that x1 = x
′
1xα(1). If x−β(1) does not
occur in x2, then
Jx′1xα(1)wx2J = Jx
′
1wx2xβ(t)J = Jx
′
1wx2J.
If x−β(1) does occur in x2, say x2 = x
′
2x−β(1), then
Jx′1xα(1)wx2J = Jx
′
1wx
′
2xβ(t)x−β(1)J
= Jx′1wx
′
2x−β(1)
(
x−β(−1)xβ(t)x−β(1)
)
J
= Jx′1wx2J,
with the last equality following from the fact that J is normal in I. In either
case, if t ∈ 2Z2, then xα(1) may be moved across and absorbed into J .
Supposing now that xα(1) occurs as before with t /∈ 2Z2, suppose further
that xβ(1) occurs in x2. Since wxβ(1)w
−1 = xα(1/t), a similar argument
to that above permits the assumption that 1/t /∈ 2Z2; that is, it may be
assumed that t ∈ Z×2 , or that 1 + t ∈ 2Z2. Writing x1 = x
′
1xα(1) and
x2 = x
′
2xβ(1), one has
Jx′1xα(1)wx
′
2xβ(1)J = Jx
′
1wx
′
2xβ(1 + t)J = Jx
′
1wx
′
2J.
Therefore, it may be assumed that an xα(1) occurring in x1 precludes the
appearance of the corresponding xβ(1) in x2.
In summary, if xα(1) occurs in x1 with w
−1xα(1)w = xβ(t), it may be
assumed that t /∈ 2Z2 and that xβ(1) does not occur in x2.
Lemma 3.2. The support of H is contained in JW affJ .
Proof. Let x1wx2 be a typical double coset representative and let xα(1) be
the first term of x1. For w
−1xα(1)w = xβ(t), it is assumed that t /∈ 2Z2 and
that xβ(1) does not occur in x2. Using Proposition 3.1 and the relations
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from Section 1.3.2, for f ∈ H,
f(x1wx2) = f(x1wx2)χ
(
x−β(2/t)
)
= f
(
x1wx2x−β(2/t)
)
= f
(
x1wx−β(2/t)x2
)
= f
(
x1x−α(2)wx2
)
= f
(
xα(1)x−α(2)xα(−1)x1wx2
)
= χ
(
xα(1)x−α(2)xα(−1)
)
f(x1wx2)
= ψ(−1/2)f(x1wx2).
Sinceψ(−1/2) is a nontrivial 4th root of 1, it must be that f(x1wx2) = 0. By
induction, if x1 is nontrivial, then f(x1wx2) = 0. A symmetrical calculation
shows that if x2 is nontrivial, then f(wx2) = 0. Therefore, the support of
H is at most the set of J-double cosets of the affine Weyl group. 
To study the structure of H, the first step is to find nontrivial elements
T0, . . . , Tn supported on the double cosets Jw0J, . . . , JwnJ and to compute
their quadratic relations.
The i = n case will be discussed first. Define Jn = J ∪ JwnJ = J ∪ Jwn.
Since wn normalizes J and the action of wn on the last component of f
mirrors the action of w1 from the S˜L2 setting, the situation is the same
as in the previous section. In particular, there exists an element Tn of H,
supported on JwnJ , which satisfies the quadratic relation T
2
n = 1.
Next, consider i = 1, . . . , n − 1. Define Ji = J ∪ JwiJ . For the finite
group O2n(F2) ⊂ Sp2n(F2), let P
′
i (F2) be the parabolic subgroup of O2n(F2)
whose unipotent radical is obtained by excluding the short simple root αi.
Then,
J i = ρ
−1
(
P ′i (F2)
)
,
where ρ is the projection Sp2n(Z2)→ Sp2n(F2) and J i is the linear projection
of Ji.
Define the Hecke subalgebra Hi = H(Ji/ J ;χ) of functions supported on
Ji. Each Ji intersects the affine Weyl group at 1 and wi, so Hi is either one-
or two-dimensional. Define Vi = Ji · Cf and Ui = ind
Ji
J χ. Since wi acts by
switching the i and i + 1 coordinates, Vi is the one-dimensional space Cf .
The dimension of Ui is
dim(Ui) = [Ji : J ] = [P
′
i (F2) : B
′] = 3.
By Proposition 1.2, Hi is the two-dimensional algebra generated by χ˙ and
Ti, where Ti is supported on JwiJ and is normalized to act on Vi by
λ =
3− 1
1
= 2.
Hence, Ti satisfies the quadratic relation
(Ti − 2)(Ti + 1) = 0.
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Finally, the i = 0 case will be described. The definition of J0 is somewhat
of a delicate issue, so some facts about the standard apartment of Sp2n will
be recalled, cf. [5], [4].
The affine Weyl group acts on the standard apartment in hR via affine
reflections. Take {a1, . . . , an} to be the basis of hR dual to {λ1, . . . , λn}.
For γ ∈W aff, let Pγ be the hyperplane fixed under the reflection associated
to γ and let Hγ be the open half-plane on which γ acts positively. The
fundamental chamber of the apartment is
C =
n⋂
i=0
Hαi ,
and the Iwahori subgroup I of Sp2n(Z2) is generated by the diagonal ele-
ments {hα(t) : α ∈ Φ, t ∈ Z
×
2 } and the affine root groups
{Xγ : γ(C) > 0}.
The origin 0 = (0, . . . , 0) of hR corresponds to the maximal compact K =
Sp2n(Z2) in the sense that K is generated by
{Xγ : γ(0) ≥ 0}.
Consider the point z = (1/2, 0, . . . , 0) ∈ hR and let K
′ be the open compact
subgroup generated by
{Xγ : γ(z) ≥ 0}.
The group K ′ has a quotient SL2(F2) × Sp2n−2(F2). If ρ
′ is the quotient
map and B′2n−2(F2) is the Borel subgroup of O2n−2(F2) ⊂ Sp2n−2(F2), then
J0 is defined as
J0 = (ρ
′)−1
(
SL2(F2)×B
′
2n−2(F2)
)
,
and J0 is taken to be the full inverse image in G of J0.
Let H0 be the Hecke subalgebra H(J0/ J ;χ) of functions supported on
J0. As J0 intersects W
aff at 1 and w0, H0 is either one- or two-dimensional.
Define V0 = J0 · Cf . Since w0 = w2λ1(1/2), and x2λ1(1/2) act on the first
component of V in the same way that w(1/2) and x(1/2) acted in the S˜L2
case, the space V0 is at least
V ′0 =
(
Cφ0 ⊕ Cφ1
)
⊗ φ0 ⊗ · · · ⊗ φ0.
The claim is that this is a type for J0, which gives V0 = V
′
0 . What remains
to be verified is that Xγ preserves V
′
0 for γ(z) ≥ 0. Only the short root
groups involving λ1 need be considered.
1. Let α = λ1 − λj , so (α + m)(z) ≥ 0 for m ≥ 0. For such α + m,
xα+m(1) = h(b) with b = 1 + 2
mE1j. Recall that
⊺b acts on y by
replacing yj with yj + 2
my1. Since the jth component of a function in
V ′0 is essentially φ0, V
′
0 is invariant under such a geometric action.
2. Let α = −λ1 + λj , so (α + m)(z) ≥ 0 for m ≥ 1. In this setting,
xα+m(1) = h(b) with b = 1 + 2
mEj1, and
⊺b acts on y by replacing y1
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with y1 + 2
myj ∈ y1 + 2Z2. The first component of a function in V
′
0 is
a function on Z2
/
2Z2, so V
′
0 is invariant under the action y 7→ y+2Z2.
3. Note that Xλ1+λj and X−λ1−λj are respectively conjugate to Xλ1−λj and
X−λ1+λj via w2λj (1) and w2λj (1)
−1. Since w2λj (1) preserves V
′
0 , so do
the appropriate Xλ1+λj+m and X−λ1−λj−m.
Hence, V0 is a 2-dimensional type for J0.
Define U0 to be the induced representation ind
J0
J χ. Under ρ
′, the Iwahori
group I is the inverse image of B2(F2) × B2n−2(F2), and J0 is the inverse
image of SL2(F2)×B
′
2n−2(F2). Since
[SL2(F2) : B2(F2)] = 3 , [B2n−2 : B
′
2n−2] = 2
n−1,
and the index of J in I is 2n, the dimension of U0 is
dim(U0) = [J0 : J ] =
vol(J0)
vol(I)
·
vol(I)
vol(J)
= (3 · 2−n+1) · (2n) = 6.
By Proposition 1.2, H0 is two-dimensional and is generated by χ˙ and T0,
where T0 is supported on Jw0J and is normalized to act on V0 by
λ =
6− 2
2
= 2.
In other words, T0 satisfies the quadratic relation
(T0 − 2)(T0 + 1) = 0.
The next step is find a nontrivial element Tw of H supported on JwJ for
each w ∈ W aff. To do this, let w = wi1 · · ·wim be a minimal expression in
terms of {w0, w1, . . . , wn}, and define
Tw = Ti1 · · ·Tim .
It remains to be verified that this definition does not depend on the choice
of minimal expression, but first, the support of Tw will be discussed. The
support of Tw satisfies
supp(Tw) = Jwi1J · · · JwimJ ⊂ Iwi1I · · · IwimI = IwI.
The last equality follows from the fact that the expression for w is minimal.
Each I-double coset is a finite union of J-double cosets, but since the support
of H is contained in JW affJ , the support of Tw must be exactly JwJ .
Each of T0, . . . , Tn−1 acts on Cf by 2 and Tn acts by 1. Since the braid
relations for wn are
wnwn−1wnwn−1 = wn−1wnwn−1wn
and
wnwi = wiwn for i < n− 1,
the number k(w) of wn occurring in a minimal expression is independent of
the choice of expression. Therefore, Tw acts on Cf by 2
m−k(w). Given that
Tw is determined by its support and its action on Cf , each of these Tw is
well-defined. This discussion also gives that the braid relations of T0, . . . , Tn
are the same as the braid relations of w0, . . . , wn.
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The following theorem summarizes these results.
Theorem 3.3. The support of H is JW affJ and {Tw : w ∈ W
aff} forms
a basis for H as a vector space. As an abstract algebra, H is generated by
T0, . . . , Tn, subject to the quadratic relations
T 2n = 1 and (Ti − 2)(Ti + 1) = 0 for i < n,
and the braid relations given by the following Coxeter diagram.
T0 T1 T2 Tn
· · ·
In particular, H is isomorphic to the Iwahori-Hecke algebra of SO2n+1(Q2).
Proof. The only detail left is the isomorphism between the two algebras. Let
H′ be the Iwahori-Hecke algebra of SO2n+1(Q2). It is generated by t0, . . . , tn
and τ, where τ corresponds to the involution of the extended diagram of type
Bn that switches the t0 and t1 vertices.
t0
t1
t2 tn
· · ·τ
Since τt1τ = t0, the generator t0 is unnecessary to define H
′ abstractly. The
braid relation between τ and t1 is
τt1τt1 = t0t1 = t1t0 = t1τt1τ,
so H′ has the same braid relations as H. The quadratic relations are
τ2 = 1 and (ti − 2)(ti + 1) = 0,
and the isomorphism from H′ to H is given by
τ 7→ Tn, and ti 7→ Tn−i for i = 1, . . . , n.

Corollary 3.4. If the Haar measure on SO2n+1(Q2) is normalized so that
the Iwahori subgroup has volume 1 and the Haar measure on S˜p2n(Q2) is
normalized so that J has volume 1, then the Plancherel measures induced by
H and H′ coincide.
Proof. By the transfer theorem in [1], it suffices to prove that the operations
tr and ∗ are preserved under H ∼= H′. Since H and H′ are supported on
their respective Weyl groups,
tr(Tw) =
{
1 if w = 1
0 if w 6= 1
and tr(tw) =
{
1 if w = 1
0 if w 6= 1,
so the trace operation is preserved by the isomorphism.
In the algebra H′ for the split orthogonal group, the element tw is the
characteristic function of IwI, where I is the Iwahori subgroup and w is
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an element of the Weyl group. Since IwI = Iw−1I, the ∗-operation on H′
satisfies t∗i = ti, and hence, t
∗
w = tw−1 .
It remains to show the same in H: that T ∗i = Ti, and hence T
∗
w = Tw−1 .
Since T ∗i is supported on Jw
−1
i J = JwiJ , it is a multiple of Ti, say T
∗
i = cTi.
Considering the representation Cφ0 of H, where Ti acts by λi,
λi||φ0||
2 = 〈Tiφ0,φ0〉 = 〈φ0, T
∗
i φ0〉 = cλi||φ0||
2,
so this multiple is c = 1. 
As a remark, this coincidence of Plancherel measures on the appropriate
Bernstein components of the metaplectic and split orthogonal groups also
holds in the case of residual characteristic p 6= 2 considered by Gan and
Savin in [3]. The proof that their isomorphism of Hecke algebras preserves
the two operations ∗ and tr is the same as above.
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